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Calculus of Variations Derivation of the Minimax
Linear-Quadratic (H^) Controller

Raymond A. Mills* and Arthur E. Brysont
Stanford University, Stanford, California 94305

The linear-quadratic best controller for the worst bounded disturbances (LQW controller), or so-called
Hoo controller, is derived as a differential game between the controller and disturber using the calculus of
variations. This derivation explicitly shows that for the full-order LQW controller the worst measurement
disturbance is zero (!) and the controller initial conditions must be set equal to the plant initial conditions for
a well-posed differential game. As in previous derivations, the worst process disturbance is shown to be a
feedback on the plant states. The derivation yields necessary conditions for reduced-order and higher order LQW
controllers, useful in multiple-plant optimization for robustness. A helicopter near hover is used to illustrate
differences between LQW and linear-quadratic-Gaussian (LQG) control. This comparison suggests the relative
merits of LQG and LQW control design and shows that a special case of LQW control called infinite-disturbance
LQW ("optimal" H«>} control is not practical.

Introduction

O VER the past decade, "//«, control" has been developed
and popularized.1'5 It denotes minimizing the H& norm

of the closed-loop transfer function from disturbances to out-
puts and controls. Although theoretical work continues, some
methods are being proposed for practical use.6'8

This paper presents //«, control as the limit of a linear-
quadratic differential game between the controller and the
disturber, which we call the LQW controller. The motivation
for this derivation comes from the full-state feedback deriva-
tion of Ref. 9. Many of its interpretations extend to the com-
pensation case. Reference 10 formulates classes of LQW con-
trol analysis and design problems. Reference 11 combines
techniques from Ref. 9 with worst bounded plant parameter
changes from nominal to produce LQW state feedback robust
to plant parameter changes.

We are not the first to derive the LQW (//<») compensator
from a differential game using the calculus of variations. How-
ever, the derivation here differs from previous ones in the
literature12'13 in that we assume a controller form a priori. The
advantage of the approach in Refs. 12 and 13 is that the
full-order, linear controller, without direct feedthrough from
measurement to control, is shown to be the optimal controller.
The advantage of our approach is a simpler derivation that
yields necessary conditions for reduced-order LQW controllers
and higher order LQW controllers; these are useful for re-
duced-order and multiple-plant optimal controller design us-
ing gradient techniques.14'15 Multiple-plant controller opti-
mization is used to increase robustness to plant parameter
changes.16'17

This paper contains an example of LQW control design for
a helicopter near hover. The purpose of this example is to
illustrate features of LQW control and differences between
LQW and linear-quadratic-Gaussian (LQG) control that are of
practical importance. Comparison to LQG control is interest-
ing because LQG control is used in practice, and it is a special
case of LQW control.3'4 This example does not, of course,
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where, with the control loop closed,

and

constitute a proof of the general relative merits of LQG and
LQW control, but it does suggest them. We believe the quali-
tative statements made for this example apply in general based
on experience and physical reasoning.

Equivalent ^/LQW Problem Statements
The //a, compensator problem3'4 is to find a controller such

that

(1)

(2)

(3)

(4)

where y is the plant output, u is the control, w is the process
disturbance, and v is the measurement disturbance. Thus, G is
the closed-loop transfer matrix from the weighted process and
measurement disturbances to the weighted outputs and con-
trols. The weighting matrices Q, R, Rw, and Rv are symmetric
positive-definite. The reason for the matrix square root on
them will become apparent later. The weighting matrices are
embedded transparently in G in Refs. 3 and 4 but are included
explicitly here for practical reasons and for comparison with
the standard LQG controller problem.

Four interpretations of the infinity norm of a transfer ma-
trix G, ||G||oo, are given in Ref. 18: in summary, the infinity
norm measures 1) the peak gain from root-mean-square (rms)
input to rms output, 2) the peak total energy gain from input
to output, 3) the peak of the maximum singular value of G(jw)
over all co, and 4) the peak steady-state response to a unit-am-
plitude sinusoid over all frequencies. From these interpreta-
tions in Ref. 18, it is clear that making ||G||oo small results in
4'small" outputs and controls in the presence of process and
measurement disturbances. Thus, the objective of the H^
problem is to find the controller that produces a closed-loop
transfer matrix with a small infinity norm, namely, ||G||00<7
for a specified 7. The solution is derived in Ref. 3 and given
and explained in Ref. 4.
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Following the interpretation of the state-feedback //«, prob-
lem as a differential game in Ref. 9, a minimax compensator
problem statement equivalent to Eq. (1) is

(5)Js = min max (yTQy + uTRu) dt
e 20 Jo

where the subscript S denotes "saddle-point" and

G±(xCo9AC9BC9Ce] (6)

- 3 ) £ { * b , w , v } (7)

subject to

x = Ax+Bu +Tw, x(Q) = x0 (8)

y = Cx (9)

ys = Csx + v (10)

xc = Acxc + Bcys, A:c(0) = XCQ (11)

w = Ccxc (12)

2 = #0 ̂ o ~^~ xc0
xcQ (13)

(14)

where x is the plant state, ys is the measurement, xc is the
controller state, and W is an integral-norm constraint on the
disturbance energy. This is a differential game between the
controller, which minimizes the performance index in Eq. (5),
and the disturber, which maximizes the performance index.
This formulation implicitly assumes that the disturber knows
both x and xc, whereas the controller only knows xc. The
disturbances must be constrained or else they will be infinite,
making the performance index infinite. It will be seen that if
the controller initial condition is set to zero, the problem is
ill-posed and that a well-posedness condition determines XCQ.

Since a primary purpose of this paper is to interpret and
compare, feedthrough terms [for example, an additional term
"Du" on the right-hand side of Eq. (9)] are hot considered
because they complicate the algebra considerably while adding
little insight. Results with feedthrough can be obtained by
following the steps indicated here with the more complex
feedthrough algebra. Similarly, the distribution matrix from v
to^5 in Eq. (10) is set to identity for simplicity and because this
is often the case in practice. We present the infinite-time case
for simplicity; the finite-time case follows immediately with
the inclusion of non-zero time derivatives.

The problem of Eqs. (5-14) resembles the minimax problem
for the best controller for the worst bounded plant parameter
changes from nominal for time-invariant plants.16'17 It is dif-
ferent in that the disturbances w and v are functions of time,
whereas the plant parameters are not. The occurrence of near-
worst disturbances at all times is less probable than the occur-
rence of near-worst plant parameter changes. This suggests
that the solution to the problem of Eqs. (5-14) may result in
overly conservative controllers.

In deriving the solution to Eqs. (5-14) in the next section, it
is shown that the best controls and worst process disturbances
are feedbacks on the plant states. For the full-order controller,
the worst measurement disturbances are zero because the
initial controller states must equal the initial plant states for
well-posedness. The disturber can increase Js more by putting
all of its energy into the process disturbances! As the distur-
bance energy JF-*oo, the control energy, and hence JSt also
^oo, but the ratio JS/W tends to the finite value y2. For
JS/W > y2 a finite-disturbance LQW [so-called suboptimal HM
(Refs. 3 and 4)] solution results. The infinite-disturbance

LQW (optimal H^) controller is very conservative with regard
to deterministic disturbances but is infinitely sensitive to dis-
turbance noise because of its infinite closed-loop bandwidth
(Ref. 9 and later).

Verification that Eqs. (5-14) are equivalent to Eq. (1) with
Eq. (2) is given in the next section by solving Eqs. (5-14) using
the calculus of variations and obtaining the same controller
solution as in Refs. 3 and 4. The problem statement of Eqs.
(5-14) is suggested from Eq. (1) as follows, where now the
initial conditions in 6 [Eq. (6)] and X) [Eq. (7)] have no impor-
tance.
Write

= min||G||0e (15)

Using Eq. (4) and writing the infinity norm in terms of the
norm, || -||2 (Ref. 18), Eq. (15) becomes

2 _
7

= mm
e

(16)

(17)

where the definition of the <£2 norm18 has been used to go
from Eq. (16) to Eq. (17). Using Eqs. (2-4) in Eq. (17), and
letting all signals be zero for t <0,

ming dt
vTRvv) dt

W

(18)

(19)

Calculus of Variations LQW (//<»)
Controller Derivation

The purpose of this section is to derive necessary conditions
for LQW controllers of any order. These necessary conditions
lead to a closed-form solution for full-order LQW controllers.
They are also useful for finding LQW controllers numerically
when the controller order does not equal the plant order.

The derivation of the solution to Eqs. (5-14) is suggested by
the LQG derivation in Ref. 17. Consider the entire dynamic
system with state vector

4*1= \
UcJ

and define

yielding

where

Xa
 ==

Aa =
A BCC1

BCCS Ac\

ra = Bc

(20)

(21)

(22)

(23)

(24)

From Eqs. (8) and (11), the augmented-state initial condi-
tion is

v =; '•'V/ZA • (25)
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which with Eq. (13) allows Eq. (13) to be replaced by

9 — YT vL - Xao-X-ao

The performance index in Eq. (5) can be written

1

Let

where

Qa
= \CTQC

I 0 CjRCc_

(26)

(27)

(28)

Augment the performance index with the constraint equations
(22), (14), and (26), using Lagrange multipliers X, i>/2, and
?7/2, respectively:

- xlQaXa + \T(AaXa + TaWa -Xa)dt -

*[J>
= f-[I.

J o l _ 2 -

-I
-Xa)\

J

(29)

aXa + \T(AaXa + TaWa -*„)+- wjRaWa \ dt

^ W -;(<**„- 2)

where

(30)

(31)

Now take the differential of / by varying xa and wa and
taking the differentials of the controller state matrices and xaQ:

dJ=\ (xT
aQa + \TA a)dxa

o

\T(dAaxa

where

ro o i
LO Cc

TRdCc\

0 5dCcl
cC, dAc J

0 0
0 dSc

- \Tdxa

<a0 (32)

(33)

(34)

(35)

Integrating by parts,

d7 = -

^^a + \T(dAaxa

x dt - rjxZ dxao (36)

For a stationary point, setting the coefficient of &xa to zero,

\T = - \TAa -xT
aQa, \T(<x>) = 0 (37)

Setting the coefficient of 5wa to zero,

wa = -R-lr%\ (38)

f l, Afl(oo) =

so

X = Aaxa

(39)

(40)

Then using the transpose of Eqs. (37) and (22) with Eq. (38) in
Eq. (40),

Aa(AaXa - (41)

Balancing coefficients of xa and realizing Aa is zero in steady
state, assuming a stable closed-loop system,

0 = Al\a + AaAa - AaTaR ~TjAa + Qa (42)

a Riccati equation for Aa dependent on the as yet unknown
controller state matrices.

From Eqs. (36-39), now

dJ = tr(Pa dZa) + xT
a(Ka - (43)

where

dZa =

and the identity
Define

Pa = Xaxl dt
Jo

~dQa + Aa(dAa - dTaR~ 1 TjAJ

xTAx = tr(xxTA) has been used.

( ?
X.X1&T

(44)

(45)

(46)

Then

where

(47)

(48)

Using Eqs. (22) and (48) in the time derivative of Eq. (48),

Xa = APXa + XaAP (49)

where

AP = Aa - TaR~l TJX (50)

Integrating both sides from 0 to t and using Eq. (47),

Xa(t) - Xa(0) = ApPa(t) + Pa(t)AT
P (51)

Then realizing that Pa(t) = Xa will be zero in steady state for a
stable AP and using Eq. (48),

0 = APPa + PaA T
P + Xao (52)

a Lyapunov equation for Pa = /•/".
To expand Pa dZa, realizing that only the diagonal blocks

are needed due to the trace operator, partition Aa and Pa:

Afl = (53)

(54)
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Then

tr(Pa dZa) = tr (PA2 + P2AC) dBc(Cs + - Rv'lB
I \ v

+ tr (PcCjR + P2
rAB + Pc A%B) dCc + (P2

rA2 + Pc Ac)

x I dAc + - i (55)

Setting the coefficients of dAc, dBC9 and dCc to zero, using
the trace identities tr(AB) = tr(BA)9 tr(AT) = tr(A), and

repeatedly, yields

0 = P2
rA2 PCAC

A2BC = -

Cc = -

(56)

(57)

(58)

Equations (57) and (58) are not explicit for Bc and Cc because
the right-hand sides depend on Bc and Cc.

Equations (56-58) with Eqs. (42) and (52) are necessary
conditions for the optimal controller for any controller order.
However, there is a restriction on the initial compensator state
in the differential game (not in application) for the problem to
be well-posed. To see this, substitute Eq. (39) into Eq. (38):

Expanding,

Substituting Eq. (57),

v = - Csx + - .v

Using this result in Eq. (10),

1 _ _ ,

(59)

(60)

(61)

(62)

Thus, the measurement disturbance feeds back so that the
plant information cancels in the measurement! The controller
will therefore run open loop, and in general the plant/con-
troller system will be unstable, unless

xc(t) = Tx(t) (63)

where T is a transformation matrix.
The particular controller realization is not important, and so

without loss of generality we may set T = I for full-order con-
trol. Then Eq. (63) yields

xco = *0 (64)

and a closed-form solution to Eqs. (56-58) with Eqs. (42) and
(52) has been found. The well-posedness condition of Eq. (64)
is needed only in formulating the differential game, not in
implementing the resulting controller. In practice it is not nec-
essary or expected that the controller initial conditions will be
the same as the plant's or in general that Eq. (63) holds because
in practice the probability that the disturbances will be worst
is zero.

A closed-form solution for other controller orders is not
apparent, and further research is needed to investigate the
effects of Eq. (63) in these cases. However, the necessary con-
ditions of Eqs. (56-58) with Eqs. (42) and (52) are useful for

reduced-order and multiple-plant optimal controller design us-
ing gradient techniques.14'15 Multiple-plant controller opti-
mization is used to increase robustness to plant parameter
changes.16'17

Solution for Controller Order Equal to Plant Order
In this section a closed-form solution for the full-order

LQW controller is derived from the results already obtained
for arbitrary order controllers. Some important features of the
full-order LQW controller are also derived.

Equations (44) and (63) with the constraint (64) suggest the
assumption that

P2 = PC (65)

This assumption will be used to find explicit equations for AC9
Bc, and Cc. The assumption will be verified by showing that
Eqs. (42), (52), and (56-58) hold under it.

From Eq. (65), since Pc
r = Pc,

Therefore, from Eq. (56) and using A^ = Ac,

A^ = A 2 = - A C

Using Eqs. (65) and (67) in Eq. (58),

CC=-R~1BTS

where

S = A - Ac

To find 5, premultiply Eq. (42) by

/A = o

(66)

(67)

(68)

(69)

(70)

and postmultiply by //. All but block (1, 1) yield 0 = 0. Using
Eq. (67), block (1, 1) yields

0 = (AT+C?BT)(A- Ac) + (A- AC)(A +BCC)

+ (A-Ac) - TR~1TT(A~Ac) + CTQC + C?RCC (71)

Substituting Eqs. (68) and (69) and rearranging,

-S(BR-lBT--TR-lrT)S + CTQC (72)

a Riccati equation for S in terms of given information. Thus,
once Eq. (72) is solved, Cc can be found from Eq. (68).

To find Bc, expand Eq. (42) using Eq. (67). The (1, 1)
block is

0 = ATA - CS
TB?AC +AA- ACBCCS + -

v

+ - ACBCR~ 1B?AC + CTQC
v

the (1,2) block is

0 = (-AT+CS
TB?)AC + ABCC - ACAC

- - ATR~1TTAC - - ACBCR~1B?ACv v

1 TTA

(73)

(74)
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and the (2,2) block is

0 = (-C*BT+Al)&c + AC(-BCC +AC)

Since xc(Q) = xQ, from Eq. (63) assume

(75)

Using Eqs. (57) and (67) in the (1, 1) block yields

0 = -l)(C?RvCs - - CTQC)

(76)

a Riccati equation for vA~l in terms of given information.
Then from Eqs. (57), (67), and (69),

Bc = v(A -S)~ 1CS
TRV = v [A(7 - A- 1S)] ~ 1CS

TRV (77)

so

(78)

an explicit equation for Bc.
To find ACf sum Eqs. (74) and (75) and transpose:

- - ACTR~1TT(A-AC)
v (79)

Substituting Eqs. (69) and (68) for all but the first appearance
of Cc in Eq. (79) and canceling terms,

AC=A + -.
v

+ BCC - BCCS (80)

Now we shall verify the assumption of Eq. (65). To do this,
note Eqs. (42), (52), and (56-58) are nine independent equa-
tions in the nine unknowns A, A2, Ac, P, P2, Pc, AC9 Bc, and
Cc [since Eqs. (42) and (52) are symmetric, they each contain
three independent block equations]. Three independent combi-
nations of the three independent block equations in Eq. (42)
have been used to obtain Eqs. (72), (76), and (80) so that the
solution is consistent with Eq. (42). Equations (56-58) have
been used repeatedly in developing the solution so that the
solution is consistent with them. It remains to check Eq. (52).
Since no assumption has been made concerning P, P follows
from block (1, 1) of Eq. (52), and the solution is consistent
with this. Using Eq. (65) and xc(Q) = xQ in blocks (1, 2) and
(2, 2) of Eq. (52) yields the same equation for Pc from each
block so that the solution is consistent with Eq. (52). There-
fore, the assumption of Eq. (65) is verified. Furthermore, the
three block equations from Eq. (52) are exactly the same if

P=P2 = PC (81)

thereby proving Eq. (81).
Equations (68), (78), and (80) with (72) and (76) give the

controller that solves Eqs. (5-14), which is the same as the
//a, controller in Refs. 3 and 4 for v = y2. It remains to find
the worst disturbances and initial conditions and the saddle-
point cost.

Partitioning Eq. (59) using Eq. (67),

-Ac]xa

= -^v-^c
r[-Ac Ac]xa

(82)

(83)

(84)

Now check this assumption. Under it, Eq. (82) with Eq. (69)
yields

where

and Eq. (83) yields

w = Kwx

Substituting Eq. (85) with Eq. (86) into Eq. (8),

x = Ax + Bu + - TR ~ lTTSx, x(0) = XQ

(85)

(86)

(87)

(88)

Substituting Eq. (87) into Eq. (10) and then this result and
Eq. (80) into Eq. (11),

- TR~1TTS + BCC-BCCS)xc + BcCsxv

(89)

Canceling terms and using Eq. (12),

xc = Axc + Bu + - TR- l r TSxc , *c(0) = x0 (90)
V

Comparing Eq. (88) with Eq. (90), the same differential equa-
tion governs x and xc, with the same initial condition for x and
xc. Therefore, the assumption of Eq. (84) is verified.

The best controls/worst disturbances solution is balanced
on a pinhead: if XCOT*XQ or some linear combination of XQ as in
Eq. (63), the disturbances will become infinite as the system
goes unstable and the problem is ill posed; if XCQ = x0, the worst
measurement disturbance is identically zero and the worst pro-
cess disturbance is a feedback on the plant states, which from
Eqs. (88) and (90) are the same as the controller states in the
differential game. An interpretation is that the controller must
know the initial plant state for a fair game since the disturber
does, since it feeds back on it.

With v =0, substituting Eq. (85) into Eq. (14),

(91)

Using the trace identity and the (1,1) block of Eq. (44),

(92)

As with many optimization problems, W is determined after
the fact since Kw depends on the Lagrange multiplier v, and
there is no apparent closed-form solution for v in terms of W,
and so v must be prescribed. As v decreases, W increases. A
desired Wean be obtained by performing a bisection algorithm
on v. However, there is no solution below a critical value of
*> = 72 where Wand Js both approach infinity. The solution at
the critical value is called the "optimal" HM controller in
Refs. 3 and 4. We call it the infinite-disturbance LQW con-
troller. Above the critical value of v, the finite-disturbance
LQW ("suboptimal" H^) controller results. When *>^oo, it
is apparent from Eqs. (72), (76), (68), (78), and (80) that the
controller becomes the classic LQG controller if R~ l is identi-
fied with the process noise spectral density, R~ l with the mea-
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surement noise spectral density, and *>A-1 with the estimate-
error co variance matrix. This is noted in Ref. 4. References 3
and 4 give five conditions involving S and Mr1 and their
associated Riccati equations (72) and (76) that must be satis-
fied for a value of v = y2 to be greater than critical. In practice,
these conditions can be checked, or alternately v is above crit-
ical if a solution is found that stabilizes the closed-loop system
with the disturbance feedback.

It remains to find the worst initial conditions and the saddle-
point cost. From Eq. (43), since we have satisfied dZa =0,

Now since jcco = jc0 from Eq. (64),

(93)

(94)

and so using this, Eq. (67), and Eq. (69) into Eq. (93),

d7 = x£(S - 2i?7) d*o (95)

Therefore, 2rj must be an eigenvalue of S with JCQ the corre-
sponding eigenvector, but it is not yet apparent which eigen-
pair maximizes J.

To find the saddle-point cost, from Eq. (27) with Eq. (44),

J = V2tr(PaQa) (96)

Substituting for Qa from Eq. (42),

J = V2ti [-Pa(AT
aAa + AaAa - AaTaR-lT^Aa)] (97)

Using the trace identities tr(AB) = tr(BA) and trG4+£)

J=V2tr[[-Pa(AT
a-AaTaR-lTa

T)

(98)

which, using Eq. (52) with Eq. (50) and trace identities, be-
comes

(99)

Using Jtc(0) = Jt0 and Eq. (67) in the first term and performing
the block multiplications in the second term using Eqs. (67)
and (81),

J = l/2ir [xoJtf(A - Ac)] - !/2 tr P(A - Ac)

:(--TR-lTT\A-Ac)\V v / J
(100)

which, using Eqs. (69) and (85) with Eq. (86), becomes

J = V2tr(xoxSS) + V2tr(PvK^RwKw) (101)

Finally, using the trace identity and substituting Eq. (92),

7= V2(x%Sx0+vW) (102)

Since W depends on #0, it is not apparent that 2rj necessarily is
the maximum eigenvalue of 5. Thus,

= eigenvalue of 5 that maximizes Eq. (102)

= corresponding unit eigenvector
(103)

In summary, Eqs. (72), (76), (68), (78), and (80) give
thelinear-quadratic-best-control/worst-bounded-disturbances
(LQW) or so-called "H*" full-order controller. The worst
process disturbance is a feedback on the plant states, the worst
measurement disturbance is zero (!), and Eq. (103) gives the
worst initial condition.

Comparison of LQG Control to LQW (//«,) Control
The purpose of the example in this section is to illustrate

features of LQW control and differences between LQW and
LQG control that are of practical importance. Although this
example does not, of course, constitute a proof of the general
relative merits of LQG and LQW control, we believe the
qualitative statements made apply in general based on experi-
ence and physical reasoning.

Figure 1 shows a helicopter near hover disturbed by hori-
zontal wind gusts. The plant model is19

-Mu

(104)

where g is the gravitational force per unit mass, u is the
forward velocity, q is the pitch angular velocity, 6 is the pitch
angle, y is the position deviation from desired hover point, 6 is
the longitudinal cyclic stick deflection, and uw is the horizontal
wind velocity. There is a single measurement, of position (y).

We take as the performance index

u

q
e
y

—

xu xq -g o
Mu Mq 0 0
0 1 0 0
1 0 0 0

u
q
Q

y

+

V
M5

0
0

6 +

f 1 f'/ 1
= E lim — O2 + 62)df

L/ /-»2r/J0 J

/ / / / / / / / / / / / / / / / / / / / / / / / / / / r / / / / / / / _ / ' / /
Fig. 1 Helicopter near hover.

(105)

where y is in feet and d is in deci-inche/s. For LQG controller
design, the process disturbance uw and the additive measure-
ment disturbance are assumed to be white noise with spectral
densities of 18 ft2/s and 0.4 ft2 s, respectively.

For an OH-6A helicopter,20 the nominal values of the six
plant parameters are

(Xu ,Xq,Mu,Mq, X8, M§)

= (-0.0257, 0.013, 1.26, - 1.765, 0.086, -7.408) (106)

where the units are feet, seconds, and centi-radians (crad), and
d is in deci-inches.

The full-order LQW controller can be found by solving Eqs.
(72), (76), (68), (78), and (80) using standard software pack-
ages such as MATLAB21 or by using the MATLAB /A-Analysis
and Synthesis Toolbox.8 If a Riccati solver is not available,
one is made easily by modifying the LQR or LQG subroutine
to solve general Riccati equations.
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Table 1 OH-6A helicopter poles and zeros

Poles, all values
in rad/s

Zeros, all values
in rad/s

0
-1.9

0.049 ± 0.46/

-0.32±5.3y

Table 2 Controller poles and zeros for OH-6A helicopter

_____Controller, all values in rad/s____^
Inf.-dist. LQW Finite-dist. LQW

LQG (optimal Hoo) (suboptimal Hoo)
Poles

Zeros

Plant/controller
open-loop
bandwidth

-0.47±1.9y

-0.14±0.37y
-1.9

0.94

-0.92±1.7y
-2.8

-4.7^4
- 0.083 ±0.33.7

-1.9

0.85

-0.85 ±1.7;
-3.0
-9.7

-0.079±0.33
-1.9

0.84

Table 3 OH-6A helicopter rms responses to white-noise disturbances

Controller

LQG
Inf.-dist. LQW
(optimal Hoo)

Finite-dist. LQW
(suboptimal Hoo)

y,ft
, deci-in.

4.5
3.4

5.5
280

5.7
4.1

Controller:
LQG
Optimal ?to
Suboptimal

Infinite precision
in determining v y

Finite precision ̂
in determining v

100 101 102 103

LJ (rad/sec)

104 103

Fig. 2 Maximum singular value of closed-loop transfer function vs
frequency for OH-6A: LQG/LQW (Hoo) controller comparison.

The infinite-disturbance LQW (optimal //«,) controller for
the OH-6A was found using a bisection on v = y2. The critical
value of v is 8.2592. A finite-disturbance (suboptimal HOO)
controller then was found for v = 9.

Table 1 lists the plant poles and zeros. Table 2 lists the poles
and zeros for the LQG, infinite-disturbance LQW, and finite-
disturbance LQW controller. The poles and zeros are not plot-
ted because the most interesting differences are off scale, and
otherwise the two LQW controllers would be difficult to tell
apart. Each controller has a real-axis zero at approximately the
same point, - 1.9 rad/s. Each controller notches the unstable
plant pole, but the LQW notches are detuned relative to the
LQG notch. The largest differences are in the other two poles,
which move to the real axis with the LQW controllers. In
particular, as v decreases toward its critical value, a real-axis
pole moves toward - oo. The value shown for the infinite-dis-
turbance LQW controller is limited only by the precision with
which v is specified. Effects of this pole will be discussed later.

Table 2 also shows the bandwidth (measurement ys to mea-
surement magnitude crossover) with each controller. The LQG
bandwidth is 11 % higher than the infinite-disturbance LQW
bandwidth and 13% higher than the finite-disturbance LQW.
However, in terms of v the finite-disturbance LQW controller
lies between the infinite-disturbance LQW controller and the
LQG controller, for which *>-»oo. Therefore, the only general
comparison to be made about bandwidth is that it does not
differ greatly from LQG to LQW.

Figure 2 shows the maximum singular value of the closed-
loop transfer matrix G(ju>) [defined in Eq. (2)] vs frequency
for the OH-6A with each controller. The LQG controller has
a peak over a small frequency band within which intelligent
disturbances could degrade performance, but the system is less
susceptible to disturbances at other frequencies than with the
LQW controllers. The finite-disturbance LQW controller ex-
hibits the same high-frequency gain as the LQG controller.
However, the infinite-disturbance LQW controller has a com-
pletely flat closed-loop frequency response (the slight drop for
the highest frequencies shown is due only to the finite precision
of v). This is the result of a real-axis controller pole that
approaches - oo. As noted in Ref. 9, with the infinite-distur-
bance LQW controller the controller and disturber are at a
standoff. The controller flattens the frequency response so
that there is no frequency at which the disturber can gain an
advantage. This is unrealistic. The infinite closed-loop band-
width makes the controller work against high-frequency dis-
turbances that otherwise would not excite the system.9 This
results in infinite control energy. Of course, in practice the
controller bandwidth is limited by actuator dynamics, but the
infinite-disturbance LQW controller would still push the actu-
ator limits and is probably always impractical.

This is the reason that proponents of H& control do not use
"straight" (i.e., without ju, synthesis) optimal //«, control but
instead reduce the closed-loop bandwidth using //, synthesis4'8
with high-pass filters at the disturbance-injection points.6'8
The benefits of this approach over LQG control and parame-
ter-robust LQG control16'17 are not clear, especially since /*
synthesis yields higher-order controllers than LQG design and
is restricted to square systems (same number of inputs and
outputs for closed-loop system).

The rms response to process and measurement white noise
disturbances with each controller is shown in Table 3. This
comparison is made to indicate performance in the presence of
high-frequency disturbances, realizing that the LQG controller
is optimized for white-noise disturbances. The performance of
the infinite-disturbance LQW controller is infinitely bad for an
infinitely precise v.

Infinite-disturbance LQW (optimal //») control appears to
be impractical. Finite-disturbance LQW (suboptimal//«,) con-
trol is practical, depending on the degree of subcriticality as
specified by v, but is quite similar to LQG control, which is the
limiting case of infinite-disturbance LQW control. LQW con-
trol is more conservative than LQG with regard to "worst
bounded, deterministic disturbances. However, LQW control
is less conservative for higher-frequency disturbances and, at
least for this example, for all disturbances outside a small
frequency range in which the closed-loop LQG frequency re-
sponse peaks.

Conclusions
A new calculus-of-variations HOO compensator derivation

shows that the HM problem is a differential game between the
controls and the disturbances. The HOO controller is the linear-
quadratic best controller for the worst bounded disturbances,
or LQW controller. For the full-order LQW controller, the
worst process disturbance is a feedback on the plant states, the
worst measurement disturbance is zero (!), and the controller
initial conditions must be set equal to the plant initial condi-
tions for a well-posed differential game. Necessary conditions
have been found for reduced-order LQW controllers and
higher-order LQW controllers, useful in multiple-plant opti-
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mization for robustness. Comparisons of LQG to LQW con-
trol for a helicopter near hover show that infinite-disturbance
LQW (optimal H^) control is not practical because it is sensi-
tive to high-frequency disturbances. Although ^-synthesis de-
sign using high -pass filters on disturbances decreases this sen-
sitivity, the advantages over LQG techniques are not clear
since controller order is higher, design is restricted to square
systems, and techniques for designing LQG-based controllers
for real parameter robustness now exist. Finite-disturbance
LQW (suboptimal H&) control has characteristics between in-
finite-disturbance LQW and LQG control, which is the limit-
ing case of finite-disturbance LQW control.
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